Abstract: Aiming at a unified phase transition picture of the charged topological black hole in Hořava-Lifshitz gravity, we investigate this issue not only in canonical ensemble with the fixed charge case but also in grand-canonical ensemble with the fixed potential case. We firstly perform the standard analysis of the specific heat, the free energy and the Gibbs potential, and then study its geometrothermodynamics. It is shown that the local phase transition points not only witness the divergence of the specific heat, but also witness the minimum temperature and the maximum free energy or Gibbs potential. They also witness the divergence of the corresponding thermodynamic scalar curvature. No matter which ensemble is chosen, the metric constructed can successfully produce the behavior of the thermodynamic interaction and phase transition structure while other metrics failed to predict the phase transition point of the charged topological black hole in former literature. In grand-canonical ensemble, we have discovered the phase transition which has not been reported before. It is similar to the canonical ensemble in which the phase transition only takes place when k = −1. But it also has its unique characteristics that the location of the phase transition point depends on the value of potential, which is different from the canonical ensemble where the phase transition point is independent of the parameters. After an analytical check of Ehrenfest scheme, we find that the new phase transition is a second order one. It is also found that the thermodynamics of the black hole in HoravaLifshitz gravity is quite different from that in Einstein gravity. 
Introduction
Black hole thermodynamics has become a fascinating topic in the theoretical physics since Bekenstein and Hawking investigated the black hole entropy and identified black holes as thermodynamic objects [1] , [2] .Various thermodynamic properties of black holes have been studied widely including the phase transition. In 1983, Hawking and Page discovered that there exists a phase transition between the Schwarzschild AdS black hole and the thermal AdS space [3] . From then on, phase transitions of black holes have aroused theoretical physicists' attention and have been intensely investigated from different perspectives [4] - [37] .
On the one hand, traditional thermodynamics has been applied to investigate the critical behavior of a black hole. For example, utilizing Clausius-Clapeyron-Ehrenfests equations, one can classify phase transitions as first order or higher order transitions. For a first order transition the Clausius-Clapeyron equation is satisfied. While for a second order transition Ehrenfests relations are satisfied. Recently, Banerjee et al. developed a scheme based on Ehrenfests relations to study phase transitions in black holes [24] - [29] . They considered the black holes as grand-canonical ensembles and performed a detailed analysis of Ehrenfests relations using both analytical and graphical techniques.
On the other hand, geometric approach has served as an alternative way to study phase transitions of black holes. Riemannian geometry in the space of equilibrium states was introduced by Weinhold [38] and Ruppeiner [39] . Weinhold proposed metric structure in the energy representation as g W i,j = ∂ i ∂ j M (U, N a ), which was the Hessian matrix of the internal energy U with respect to the extensive thermodynamic variables N a . Ruppeiner defined metric structure as g R i,j = −∂ i ∂ j S(U, N a ), which was the Hessian of the entropy. However, Weinhold's and Ruppeiner's metrics are not invariant under Legendre transformations and sometimes lead to contradictory results [40] - [41] . Taking Legendre invariance into consideration, Quevedo et al. [42] recently presented a new formalism of geometrothermodynamics, which allows us to derive Legendre invariant metrics in the space of equilibrium states. Geometrothermodynamics presents a unified geometry where the metric structure can give a well description of various types of black hole thermodynamics [43] - [51] .
Here, we would like to focus our attention on the phase transition of the charged topological black hole in Hořava-Lifshitz gravity. Hořava-Lifshitz (HL) theory is a nonrelativistic renormalizable theory of gravity at a Lifshitz point proposed by Hořava [52] - [54] . HL gravity provides a fascinating framework for one to explore the connections between ordinary gravity and string theory. The black hole solutions [55] - [59] and thermodynamic properties [60] - [68] have attracted a lot of attention. Concerning the phase transition, some efforts have also been made. Koutsoumbas et al. [17] mainly discussed the perturbative behaviour and quasi-normal modes of charged topological AdS black holes. Cao et al. [21] studied black hole phase transitions in (deformed) HL gravity, including the charged/uncharged topological black holes and Kehagias-Sfetsos (KS) black hole. However, their geometric approach was based on the Ruppeiner and Weinhold metrics and failed to predict the phase transition. Quevedo et al. [22] - [23] investigated the geometrothermodynamics in HL gravity. But it mainly handled the Cai-Cao-Ohta (CCO) topological black holes and left the charged topological black holes uninvestigated. Wei et al. [30] mainly discussed the thermodynamic geometry and phase transition of KS black hole in the deformed HL gravity while Majhi et al. [31] focused their attention on the scaling behavior of topological charged black holes in HL gravity. In this paper, we would like to further elaborate the research on the phase transition of the charged topological black hole in HL gravity. Aiming at a unified picture, the phase transition would be considered not only in canonical ensemble with the fixed charge case but also in grand-canonical ensemble with the fixed potential case. Both geometrothermodynamics and the Ehrenfests scheme would be applied to carry out the research.
The organization of our paper is as follows. In Section 2, the thermodynamics of the charged topological black hole in HL gravity will be reviewed briefly. In Section 3, the charged topological black hole as canonical ensemble will be investigated in geometrothermodynamics. In Section 4, the phase transition will be studied taking the black hole as grand-canonical ensemble. To investigate the nature of the new phase transition in Section 4, an analytical check of Ehrenfest equations will be carried out in Section 5. In the end, a discussion is given in Section 6.
Review of thermodynamics of the charged topological black hole
The charged topological black hole solution in Hořava-Lifshitz gravity has been discussed in [56] . For simplicity, the dynamical coupling constant λ can be set to one. And the metric is given as
where Λ corresponds to the negative cosmological constant and dΩ k is the line element of a two dimensional Einstein space with constant scalar curvature 2k. Without loss of generality, one can take k = 0, ±1 respectively. For the metric given above, N = N 0 could be set to one. Solving the equation f (r) = 0, we can get the largest positive root, from which we can determine the event horizon radius. Denoting l 2 = − 1 Λ , the relevant quantities have been reviewed in [21] as
3)
where c 0 =
, c 0 , q are the integration constants and κ, µ are the constant parameters of the theory. Ω k is the volume of two dimensional Einstein space.
From Eq.(2.3), we can easily find that the charged topological black hole becomes an extremal one when q 2 = 6x 4 + + 4kx 2 + − 2k 2 . Hawking temperature will be negative when 6x 4 + + 4kx 2 + − 2k 2 < q 2 , which implies the existence of some unphysical regions. To show the variation of Hawking temperature explicitly, we plot Figure 1 using Eq.(2.3). In Figure 1 , we exhibit the temperature T vs. x + respectively for the cases k = 0, ±1 (Note that parameters are chosen as c = l = G = κ = µ = Ω k = 1 in all figures in this paper.)
From Figure 1 , we can find that each case has some unphysical regions with negative Hawking temperature. For the case k = 0, 1, Hawking temperature increases monotonically. However, things are different for the case k = −1. x + = 1 divides the region into two parts. When x + > 1, Hawking temperature increases monotonically. When 0 < x + < 1, there exists a minimum Hawking temperature, which can be derived from
Solving Eq.(2.8), we can get the corresponding x + and the minimum Hawking temperature as
Note that the location of x + that corresponds to the minimum Hawking temperature is independent of the charge parameter q. 
3 Phase transition and geometrothermodynamics in fixed-charge ensemble
When the charge of black hole is fixed, the specific heat can be given as
From Eq.(3.1), we can conclude that C Q diverges when k + 3x 2 + = 0 . The equation k + 3x 2 + = 0 has positive root only when k = −1. And the root can be solved as
. It is quite interesting to note that the point where C Q diverges is independent of charge parameter q and coincides with the point corresponding to the minimum Hawking temperature.
To observe the possible divergence of C Q , we plot Figure 2 using Eq.(3.1). In Figure 2 , we exhibit the behavior of C Q respectively for the cases k = 0, ±1. We can see that C Q is Figure 2 .
continuous for the cases k = 0, 1 and no phase transition takes place. However, the curve for the case k = −1 gives an infinite discontinuity, which suggests the existence of phase transition. The phase transition location is x + = √ 3 3 . To confirm the phase transition in canonical ensemble, we would like to perform an analysis of the behavior of free energy. The free energy which is defined by F = M − T S can be obtained as Figure 3 shows the free energy vs. the temperature for three different cases. For k = 1, 0, the free energy decreases steadily when the temperature increases. However, for k = −1, two different phases are described by two wings which are joined at the point where the free energy reaches a maximum value. According to traditional thermodynamics, the system is 
most unstable at this point and would eventually passes to the locally stable phase which corresponds to the lower wing. It is quite interesting to note that the point of the maximum free energy also corresponds to the minimum Hawking temperature. As we stated before, it is also the point where the local phase transition takes place from a locally unstable small black hole to a locally stable large black hole. So we can conclude that the local phase transition points not only witness the divergence of the specific heat but also witness the minimum temperature and maximum free energy. Before we go further to investigate its geometrothermodynamics, we would like to briefly review the construction of geometrothermodynamics. According to Ref. [42] , the (2n + 1)-dimensional thermodynamic phase space T can be coordinated by the set of independent quantities {φ, E a , I a }, where a = 1, · · · , n, the positive integer n represents the number of thermodynamic degree of freedom of the system, φ corresponds to the thermodynamic potential, and E a , I a are the extensive and intensive thermodynamic variables respectively. The fundamental Gibbs 1-form defined on T can then be written as
. Considering a non-degenerate Riemannian metric G, a contact Riemannian manifold can be defined from the set (T , Θ, G) if the condition Θ ∧ (Θ) n = 0 is satisfied. Legendre transformation is such a special case of contact transformation that it can keep the contact structure of T invariant. Legendre invariance guarantees that the geometric properties of G do not depend on the thermodynamic potential. Utilizing a smooth map ϕ : ε → T , i.e. ϕ : (E a ) → (φ, E a , I a ), a submanifold ε called the space of thermodynamic equilibrium states can be induced. φ = φ(E a ) and the map satisfies the condition ϕ * (Θ) = ϕ * (dφ − δ ab I a dE b ) = 0, where ϕ * is the pullback of ϕ. ε ⊂ T and ε is an n-dimensional Riemannian submanifold. Furthermore, a thermodynamic metric g can be induced in a canonical manner in the equilibrium manifold ε by the smooth map ϕ.
As proposed by Quevedo, the non-degenerate metric G and the thermodynamic metric g can be written as follows [49] 
where
Now let ′ s begin to apply geometrothermodynamics to investigate the phase transition of the charged topological black hole in HL gravity. To construct geometrothermodynamics in fixed-charge ensemble, we choose M as the thermodynamic potential, and S, Q as extensive variables. The corresponding thermodynamic phase space is a 5-dimensional one coordinated by the set of independent coordinates {M, S, Q, T, Φ}. The fundamental Gibbs 1-form defined on T can be written as 5) and the non-degenerate metric G from Eq.(3.3) is
Introducing the map
the space of thermodynamic equilibrium states can be induced. According to Eq.(3.4), the thermodynamic metric g can be written as follows 
10)
Comparing Eqs.(3.9),(3.10) with Eqs.(2.3),(2.5), we find
To assure that the first law of black hole thermodynamics holds,we can derive from Eq.(3.13) Φ 0 = 0. Substituting Eqs.(3.9)-(3.12) into Eq.(3.8), we can calculate the component of the thermodynamic metric g as
14)
Till now, we can obtain the Legendre invariant scalar curvature as
From Eq.(3.18), we can find that the Legendre invariant scalar curvature diverges when k + 3x 2 + = 0, which corresponds to k = −1,
. That is the exact point where the phase transition takes place. To get an intuitive sense on this issue, we plot Figure 4 , which shows the correpondence of the divergence of specific heat C Q and the thermodynamic scalar curvature of R Q . From Figure 4 , we learn that the Legendre invariant metric constructed in geometrothermodynamics correctly produces the behavior of the thermodynamic interaction and phase transition structure. 
4 Phase transition and geometrothermodynamics in fixed-potential ensemble
When the potential of black hole is fixed, the specific heat is shown as
Apparently, C Φ may diverge when
which suggests a possible phase transition. However, the phase transition point characterized by Eq.(4.2) is not intuitive. To gain an intuitive understanding, we plot Figure 5 using Eq.(4.1) . In Figure 5 , we exhibit the behavior of C Φ respectively for the cases k = 0, ±1. We can find that C Φ diverges only for k = −1, which is similar to the fixed-charged ensemble. To check whether the phase transition point locates in the physical region, we also plot the Hawking temperature T vs. x + for the case k = −1 in Figure 5 (c). It is shown that the phase transition point locates in the positive temperature region. Figure 5 (c) can be divided into two phases. One is thermodynamically stable (C Φ > 0) with small radius while the other is unstable (C Φ < 0) with large radius. So the phase transition takes place between small black hole and large black hole.
To confirm the phase transition in grand-canonical ensemble, we would like to perform an analysis of the behavior of the Gibbs potential. The Gibbs potential which is defined by G = M − T S − ΦQ can be obtained as Figure 6 shows the Gibbs potential vs. the temperature for three different cases. For k = 1, 0, the Gibbs potential decreases with the increasing of the Hawking temperature. For k = −1, two wings are connected at the point where Gibbs potential reaches a maximum value. According to traditional thermodynamics, the system is most unstable at this point and would eventually passes to the locally stable phase which has the low Gibbs potential corresponding to the lower wing. According to Eq.(4.2), the phase transition point may depend on the value of the potential Φ. To trace the variation of the phase transition point due to potential, we plot Figure 7 with different potential values. In Figure 7 , we can see that the phase transition point changes with potential Φ. When Φ increases, the value of x + corresponding to the phase transition point tends to decrease. Figure 8 which shows the behavior of the Hawking temperature with different choices of potential values indicates that the phase transition points all locate in the physical regions. With the increasing of the potential, the minimum temperature tends to increase while the value of x + corresponding to the minimum Hawking temperature tends to decrease. It is quite interesting to note from Figure 9 that the point having the maximum Gibbs potential also corresponds to the minimum Hawking temperature. With the increasing of the potential, the minimum temperature tends to increase, which is consistent with Figure 8 . Finally, we can draw the conclusion that the local phase transition points not only witness the divergence of the specific heat but also witness the minimum temperature and maximum Gibbs potential. The phase transition in the grand-canonical ensemble has never been reported before. It is similar to the canonical ensemble in which the phase transition only takes place for k = −1. It is very interesting that the location of the phase transition point changes with potential, which is different from canonical ensemble where the phase transition point is independent of the parameters.
To construct geometrothermodynamics in fixed-potential ensemble, we define the thermodynamic potential as [69] J Φ = M − ΦQ. Figure 7 .
Substituting Eqs.(2.5)-(2.7) into Eq.(4.4), we can obtain the explicit form of J Φ as
It is easy to conclude from Eq.(4.4) that
Unlike the fixed-charge ensemble, S, Φ are taken as extensive variables here. And the corresponding thermodynamic phase space is a 5-dimensional one coordinated by the set of independent coordinates{J Φ , S, Φ, T, −Q}. The fundamental Gibbs 1-form defined on T can then be written as
The non-degenerate metric G from Eq.(3.3) can be written as 
(4.14)
Comparing Eqs.(4.11) , (4.12)with Eqs.(2.3), (2.6), we can find
The results of Eq.(4.15) coincide with Eq.(4.6)exactly. Substituting Eqs.(4.11)-(4.14) into Eq.(4.10), we can find the component of the thermodynamic metric g as
So the Legendre invariant scalar curvature can be given as
From Eq.(4.21), we can find that the Legendre invariant scalar curvature may diverge when 2k 3 + 10k 2 x 2 + + kx 2 + (14x 2 + − Φ 2 ) + x 4 + (6x 2 + + Φ 2 ) = 0, which coincides with Eq.(4.2). That is the exact point where the phase transition may take place. To get an intuitive sense on this issue, we plot Figure 10 , which shows the correpondence of the divergence of specific heat C Φ and the thermodynamic scalar curvature of R Φ . From Figure 10 , we learn that the Legendre invariant metric constructed in geometrothermodynamics correctly produces the behavior of the thermodynamic interaction and phase transition structure.
Analytical check of Ehrenfest equations in the fixed-potential ensemble
To investigate the grand-canonical ensemble phase transition, we would like to carry out an analytical check of Ehrenfest equations for this case. In conventional thermodynamics, Ehrenfests equations are given as Figure 10 .
Taking the similar approach as Ref. [28] and considering the analogy (V ↔ Q, P ↔ −Φ) between the thermodynamic state variables and black hole parameters, we can easily write down the corresponding Ehrenfests equations for the charged topological black hole as 
It is quite interesting to note that C Φ , α, κ T share the same factor in their denominators, namely (2k 3 − kΦ 2 x 2 + + 10k 2 x 2 + + Φ 2 x 4 + + 14kx 4 + + 6x 6 + ), which implies that α, κ T may also diverge at the critical point. To witness the divergence of α, κ T , we plot them in Figure 11 . Now let's embark on checking the validity of Ehrenfests equations (5.3)-(5.4) at the critical point. Note that Figure 11 . (a) α vs.
where the subscript "cri" denotes the value at the critical point. Utilizing Eqs.(2.4)-(2.6) and (5.8), we obtain 
From the thermodynamic identity [28] ( 12) we can derive that
from which we can calculate the R.H.S of Eq.(5.4) and get 
Conclusions
The phase transition of a charged topological black hole in Hořava-Lifshitz gravity has been investigated in fixed-charge ensemble and fixed-potential ensemble respectively. To build up geometrothermodynamics in both ensembles, we choose the corresponding thermodynamic potential and build up both thermodynamic phase space and the space of thermodynamic equilibrium states. In the fixed-charge ensemble, the critical point at which the specific heat C Q diverges wittnesses the divergence of the corresponding Legendre invariant thermodynamic scalar curvature R Q . In the fixed-potential ensemble, the critical point at which specific heat C Φ diverges also wittnesses the divergence of the corresponding Legendre invariant thermodynamic scalar curvature R Φ . Based on the above results, we can surely conclude that the Legendre invariant metrics constructed in geometrothermodynamics can correctly produce the behavior of the thermodynamic interaction and phase transition structure, no matter which ensemble is chosen. The Legendre invariant metrics constructed here have successfully predicted the phase transition of the charged topological black hole in H-L gravity while other metrics failed [21] , where Cao et al. regarded it as "one exception ". The concrete phase transition structures are different due to the choice of ensemble, but both of them can build up geometrothermodynamics. The research in both complementary ensembles allows us to investigate the phase transition from different perspectives and gain a unified picture. We have discovered for the first time the phase transition of a charged topological black hole in Hořava-Lifshitz gravity in the grand-canonical ensemble. It is similar to the canonical ensemble where the phase transition only takes place for k = −1. However it is found that the location of the phase transition point depends on the value of potential, which is different from the canonical ensemble where the phase transition point is independent of the parameters. After an analytical check of Ehrenfest scheme, we find that the new phase transition is a second order one.
It is worth noting that the dependence of the thermodynamic scalar curvature on the ensemble does not contradict the property of Legendre invariance. Firstly, the phase structures are different due to different behaviors of the specific heat. This phenomenon should be attributed to different boundary conditions corresponding to different choice of ensemble. The stability of black holes turns out to depend on the choice of boundary conditions and consequently on the ensemble [70] . Secondly, the motivation of thermodynamic geometry method is to find the relation between the divergence of thermodynamic curvature scalar and the existence of phase transition. So a good thermodynamic metric should reproduce the behavior of the system no matter which ensemble is chosen. Since the phase structures are different in different ensembles, we should not expect the thermodynamic scalar curvature keep invariant. Recently, the founder of geometrothermodynamics Quevedo [70] also discussed the ensemble dependence of geometrothermodynamics. In that paper, the concepts of "total Legendre transformations" and "partial Legendre transformations" were put forward. If all the extensive variables change through Legendre transformation, this kind of Legendre transformation has been called "total Legendre transformation". Otherwise, if some extensive variables change through Legendre transformation while others keep the same, this kind of Legendre transformation has been called "partial Legendre transformation". The word "partial" means only some (not all) extensive variables undergo Legendre transformation. The transformation that relates the potentials M (S, Q) and H(S, φ) can serve as an example of "partial Legendre transformation" because only the extensive variable Q is transformed into φ while the the extensive variable S remains the same during the transformation. The transformation that relates the potentials M (S, Q) and G(T, φ) can serve as an example of "total Legendre transformation" because both of two extensive variables S and Q are transformed into T and φ respectively during the transformation. Two types of metrics were investigated in that paper. It has been proved that a metric which is invariant under partial Legendre transformation can not be used to distinguish the thermodynamic properties of different ensembles naturally. On the contrary, the metric that is only invariant under a total Legendre transformation can reasonably be used to distinguish the thermodynamic properties of different ensembles. In our paper, we have used the metric only invariant under total Legendre transformation and it has described the black hole thermodynamics and phase transition successfully.
In the end, we would like to talk more about the interesting phase transition phenomenon in Hořava-Lifshitz gravity. The phase structures in the charged topological black hole are quite different from that in Einstein gravity. The phase transition takes place only for k = −1 in both complementary ensembles while in Einstein theory, only k = 1 case exhibits such phase transition. This may be attributed to the ultraviolet behaviour of spacetime in Horava-Lifshitz gravity, as argued by Cao et al. [21] .
